Introduction
The quantum dilogarithm function is given by the following integral:
4 Ω e −ipz sh(πp)sh(πhp) dp p , sh(p) = e p − e −p 2 .
Here Ω is a path from −∞ to +∞ making a little half circle going over the zero. So the integral is convergent. It goes back to Barnes [Ba] , and appeared in many papers during the last 30 years: [Bax] , [Sh] , [Fad1] , ... . The function Φ h (z) enjoys the following properties (cf. [FG3] , Section 4):
• The function Φ h (z) is meromorphic with poles at the points {πi((2m − 1) + (2n − 1)h)|m, n ∈ N},
and zeroes at the points {−πi((2m − 1) + (2n − 1)h)|m, n ∈ N}.
• The function Φ h (z) is characterized by the following difference relations: Φ h (z + 2πih) = Φ h (z)(1 + qe z ), Φ h (z + 2πi) = Φ h (z)(1 + q ∨ e z/h ), q := e πih , q ∨ := e πi/h .
• One has |Φ h (z)| = 1 when z is on the real line.
• It is related in several ways to the dilogarithm, e.g. its asymptotic expansion when h → 0 is
, where L 2 (x) := x 0 log(1 + t) dt t is a version of the Euler's dilogarithm function.
The function Φ h (z) provides an operator K : L 2 (R) → L 2 (R), defined as a rescaled Fourier transform followed by the operator of multiplication by the quantum dilogarithm Φ h (x).
Since |Φ h (x)| = 1 on the real line, 2π √ hK is unitary.
Theorem 1.1 (2π √ hK) 5 = λ · Id, where |λ| = 1.
In the quasiclassical limit it gives Abel's five term relation for the dilogarithm.
The pentagon relation for a simpler version
(1 + q a X) of the quantum dilogarithm was discovered in [FK] . A similar pentagon relation for the function Φ h (z), which is equivalent to Theorem 1.1, was suggested in [Fad1] and proved in [Wo] . Theorem 1.1 was formulated in [CF] . However the argument presented there as a proof has a significant problem, which put on hold the program of quantization of Teichmüller spaces. Below we give a proof Theorem 1.1, which was subsequently generalized in [FG3] to a general cluster set-up. We hope that presenting a proof not overshadowed by technical issues can be useful.
To prove Theorem 1.1 we introduce a certain Schwarz space S ⊂ L 2 (R) related to K. To define it, consider the algebra generated by operators of multiplication by e x and e x/h and shifts by 2πi and 2πih. We employ a remarkable subalgebra L of this algebra. The Schwarz space S is the common domain of definition of operators in L 2 (R) from the algebra L. We show that the operator K preserves the space S. Conjugation by K provides an order 5 automorphism γ of the algebra L. Our result implies that the operator K acts on the space of distributions S * . It would be interesting to compute its action on some distributions explicitly.
Our proof is similar in spirit to the proof of the fact that the square of the Fourier transform is essentially the identity map by using the algebra of polynomial differential operators on the line. In our case the algebra L plays the role of the latter.
The algebra L is isomorphic to the algebra of regular functions on the Langlands double of quantum X -variety related to the moduli space of configurations of 5 cyclically ordered points on P 1 . The automorphism γ corresponds to the cyclic shift by 2 acting on the configurations of points.
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A proof of the pentagon relation 2.1 The cluster ensemble of type A 2
It includes a pair of two-dimensional varieties X and A. The cluster X -variety is glued from five copies of C * × C * , so that i-th copy is glued to (i + 1)-st (indices are modulo 5) by the map acting on the coordinate functions as follows:
defined by gluing the five copies of Z 2 via the tropicalizations of the maps (4) and (5). The map γ acts on the tropical A-space by
There are five cones in the tropical A-space, shown on Fig. 1 . The map γ shifts them cyclically counterclockwise. It is a piecewise linear map, whose restriction to each cone is linear. 
The canonical basis for the quantum cluster X -variety of type
is a Laurent polynomial with positive integral coefficients for every i. Equivalently, it belongs to the intersection of the ring of regular functions on the scheme X over Z with the semifield of rational functions with positive integral coefficients.
There is a canonical γ-equivariant map, defined in Section 4 of [FG2] : 2
Or equivalently
One can easily verify that the formulae agree on the overlapping domains of values of a and b. The i-th row of (6) describes the restriction of the canonical map to the i-th cone.
The quantum X -variety and the quantum canonical map. Let T q be the algebra generated over Z[q, q −1 ] by X ±1 , Y ±1 , subject to the relation q −1 XY −qY X = 0. It is called the two dimensional quantum torus algebra. It has an involutive antiautomorphism * such that * q = q −1 , * X = X, * Y = Y.
2 Observe that γ * X tells how the automorphism γ acts on functions, while γa tells the action on the tropical points.
Consider the following q-deformation of the * -equivariant map γ:
One checks that it is an order 5 automorphism of the fraction field of T q . The quantum X -space X q is nothing else but a pair (T q , γ * q ). Alternatively, using a geometric language, the quantum X -space X q is glued from five copies of the spectrum Spec(T q ) of the quantum torus T q , so that i-th copy is glued to (i + 1)-st along the map (7).
An element F (X, Y ) of the fraction field of T q is a universally positive Laurent polynomial on X q if (γ * q ) i F (X, Y ) is a Laurent polynomial in X, Y, q with positive integral coefficients for every i. (ii) The image of I q A is a basis in the space of universally positive Laurent polynomials on X q .
We will not need the part (ii).
Construction. It is obtained by multiplying each monomial in (6) by a (uniquely defined) power of q, making it * -invariant. For example, the quantum canonical map on the first cone is given by
Denote by L q the image of the map I q A . It is closed under multiplication, so we get an algebra. This algebra plays a crucial role in the proof.
Remark. In [FG2] the quantum space X q is glued from 10 copies of T q := Spec(T q ):
These maps act on the corresponding algebras by
To relate with the previous definition, write µ * 1 = α * • γ * q , where α * is an isomorphism
The quantum pentagon relation
Let W ⊂ L 2 (R) be the space generated by finite linear combinations of the functions e −x 2 /2+ax P (x), where P (x) is a polynomial in x, and a ∈ C.
We will also need operators
These are symmetric unbounded operators. They preserve W and satisfy, on W , the relations
The second pair of operators commute with the first one. Therefore these operators provide an * -representation of the algebra T q ⊗ T q ∨ in W .
Remark. We can consider a smaller subspace W 0 ⊂ W , with a ∈ 2πihZ + 2πiZ + Z + 1/hZ and deg(P ) = 0. Then acting on e −x 2 /2 we get an isomorphism of linear spaces
Then A acts as an unbounded symmetric operator A in W . Its natural domain of definition is a subspace of L 2 (R) consisting of vectors f such that the functional (f, Aw) on W is continuous. Since W is dense in L 2 (R), the Riesz theorem implies that there exists a unique g ∈ L 2 (R) such that (g, w) = (f, Aw). We set Af := g.
The Schwarz space for the algebra L. It is a subspace S ⊂ L 2 (R), defined as the common domain of definition of operators from the algebra L acting in L 2 (R). Precisely, let W * be the algebraic
(ii) For any A ∈ L, w ∈ W one has AK −1 w ∈ L 2 (R), and K AK −1 w = γ −1 (A)w.
Proof. The space W is invariant under the Fourier transform.
Lemma 2.3 Assume h ∈ Q. Then AΦ h (x)w as well as AΦ
Proof. Since h ∈ Q, the shift of the function Φ h (x) as well as of Φ −1 h (x) by 2πin or 2πihn for n ∈ Z does not have a singularity on the real line for the following peculiar reason: the poles of the function Φ h (x) (respectively Φ −1 h (x)) are at the points πi(2n + 1) + πih(2m + 1), (respectively −(πi(2n + 1) + πih(2m + 1))), where m, n ∈ Z >0 , see (1)-(2), while we shift by 2πihn, or 2πin, where n ∈ Z. Further, the functions Φ h (z) ±1 have at most exponential growth at any horizontal line. Indeed, use |Φ h (x)| = 1 for real x plus the difference relations (3). Since w decays as e −x 2 /2 on any horizontal line, the Lemma follows.
Let us show that
Indeed,
The second identity:
The formulas (10) imply K −1 AKw = γ(A)w. Indeed, for any Laurent polynomial A one has AKw ∈ L 2 (R). The proof above shows that the only denominators we could get in K γ(A)w are powers of (1 + qY ) −1 , which can not destroy the fact that K γ(A)w ∈ L 2 (R) since w decays as e −x 2 /2 , and thus
The proposition is proved.
Proof. (i) Let us show that the functional w −→ (K −1 f, Aw) on W is continuous. Indeed,
Here the third equality is valid since f ∈ S and Kw ∈ S.
Therefore for any f ∈ S, w ∈ W we have
Since W is dense in L 2 (R), this implies that
Similarly we get (11). The corollary is proved.
Proof of Theorem 1.
Proof. Indeed, since Y = e x and Y n ∈ L for any n > 0, one has K 5 e nx f = e nx K 5 f for any n > 0, f ∈ S by Corollary 2.4. Since S is dense in E, we get the claim. Lemma 2.6 K 5 is the operator of multiplication by a function F (x).
Proof. We claim that the value (K 5 f )(a) depends only on the value f (a). Indeed, for any Lemma 2.8 The space S 1 consists of the functions f (x + iy) analytic in the upper half plane y > 0 which decay faster then e ax for any a > 0 on each line x + iy.
Proof. Indeed, it is invariant under multiplication by e bx , b > 0, and shift by 2πia. a > 0, which means that Fourier transform of a function from S 1 is invariant under multiplication by e ax , a > 0. The lemma is proved.
Since K 5 S ⊂ S, it follows that F (x)w ∈ S ⊂ S 1 for say w ∈ W , and hence F (z) is analytic in the upper half plane y > 0.
The operator of multiplication by F (z) commutes with the shifts by 2πi and 2πih. Thus it commutes with the shift by 2πi(n + mh), m, n > 0. This implies that F (z) is invariant by a shift by 2πi(n+mh), where n+mh > 0, while n can be negative. Thus F (z) is a constant when h is irrational. Since K 5 apparently depends continuously on h, we get the lemma, and hence the Theorem.
